The effects of retardation in the Coulomb excitation of radioactive nuclei in intermediate energy 
I. INTRODUCTION
The excitation of a nucleus by means of the electromagnetic interaction with another nucleus is known as Coulomb excitation. Since the interaction is proportional to the charge Z of the nucleus, Coulomb excitation is especially useful in the collision of heavy ions, with cross sections proportional to Z 2 . Pure Coulomb excitation is assured if the bombarding energy is sufficiently below the Coulomb barrier. In this case the ions follow a Rutherford trajectory and never come so close so that their nuclear matter overlaps. This mechanism has been used for many years to study the electromagnetic properties of low-lying nuclear states [1] .
The probability for Coulomb excitation of a nuclear state | f from an initial state | i is large if the transition time t f i = /(E f − E i ) = 1/ω f i is greater than the interaction time t coll = a 0 /v, in a heavy ion collision with closest approach distance a 0 and projectile velocity v. That is, the cross section for Coulomb excitation is large if the adiabacity parameter satisfies the condition
This adiabatic cut-off limits the possible excitation energies below 1-2 MeV in sub-barrier collisions.
A possible way to overcome this limitation, and to excite high-lying states, would be the use of higher projectile energies. In this case, the closest approach distance, at which the nuclei still interact only electromagnetically, is of order of the sum of the nuclear radii, R = R P + R T , where P refers to the projectile and T to the target. For very high energies one has also to take into account the Lorentz contraction of the interaction time by means of the Lorentz factor γ = (1 − v 2 /c 2 ) −1/2 , with c being the speed of light. For such collisions the adiabacity condition, Eq. (1), becomes
¿From this relation one obtains that for bombarding energies around and above 100
MeV/nucleon, states with energy up to 10-20 MeV can be readily excited. The experimental problem is to ensure that the collision impact parameter is such that the nuclei do not overlap their matter distributions so that the process consists of Coulomb excitation only. This has been achieved by a careful filtering of the experimental events in terms of scattering angles, multiplicity of particles, angular distributions, using light and heavy targets, etc [2, 3, 4, 5, 6, 7, 8] .
The theory of Coulomb excitation in low-energy collisions is very well understood [1] . It has been used and improved for over thirty years to infer electromagnetic properties of nuclei and has also been tested in the experiments to a high level of precision. A large number of small corrections are now well known in the theory and are necessary in order to analyze experiments on multiple excitation and reorientation effects.
The standard semiclassical theory of Coulomb excitation at low energies assumes that the relative motion takes place on a classical Rutherford trajectory, as long as the transition energy E f i = E f − E i is small compared to the kinetic energy of the system. The cross section for exciting a definite final state | f from the initial state | i is then given by
where P i→f is the probability, evaluated in perturbation theory, of the excitation of the target by the time-dependent electromagnetic field of the projectile [1] .
In the case of relativistic heavy ion collisions pure Coulomb excitation may be distinguished from the nuclear reactions by demanding extreme forward scattering or avoiding the collisions in which violent reactions take place [2] . The Coulomb excitation of relativistic heavy ions is thus characterized by straight-line trajectories with impact parameter b larger than the sum of the radii of the two colliding nuclei. A detailed calculation of relativistic electromagnetic excitation on this basis was performed by Winther and Alder [9] .
As in the non-relativistic case, they showed how one can separate the contributions of the several electric (Eλ) and magnetic (Mλ) multipolarities to the excitation. Later, it was shown that a quantum theory for relativistic Coulomb excitation leads to minor modifications of the semiclassical results [10] . In Ref. [11] the connection between the semiclassical and quantum results was fully clarified. More recently, a coupled-channels description of relativistic Coulomb excitation was developed [12] .
The semiclassical theory of Coulomb excitation for low energy collisions accounts for the Rutherford bending of the trajectory, but relativistic retardation effects are neglected, while in the theory of relativistic Coulomb excitation recoil effects on the trajectory are neglected (one assumes straight-line motion), but retardation is handled correctly. In fact, the onset of retardation brings new important effects like the steady increase of the excitation cross sections with increasing bombarding energy. In a heavy ion collision around 100
MeV/nucleon the Lorentz factor γ is about 1.1. Since this factor enters in the excitation cross sections in many ways, as in the adiabacity parameter, Eq. (2), one expects that some sizeable (10 − 20 %) modification of the theory of nonrelativistic Coulomb excitation would occur. Also, recoil corrections are not negligible, and the relativistic calculations based on a straight-line parameterization of the trajectory are not completely appropriate to describe the excitation probabilities and cross sections.
These questions are very relevant, as Coulomb excitation has proven to be a very useful tool in the investigation of rare isotopes in radioactive beam facilities [7] . Thus, it is appropriate to investigate the effects of retardation and recoil corrections in Coulomb excitation at intermediate and high energies. In this article we will assess these problems by using the semiclassical approach of Ref. [13] . As we shall show in the next sections, both retardation and recoil effects must be included for bombarding energies in the range 30-200 MeV per nucleon.
This can be accomplished in a straight-forward way in the semiclassical approach with a relativistic trajectory, appropriate for heavy ion collisions, and the full expansion of the electromagnetic propagator [13] . In most situations, the Coulomb excitation is a one-step process, which can be well described in first-order perturbation theory. Exceptions occur for very loosely bound nuclei, as for example the excitation of 11 Li [4] , or 8 B [3, 8] , in which case the electromagnetic transition matrix elements are very large due to the small binding and consequent large overlap with the continuum wavefunctions. Another exception is the excitation of multiple giant resonances, due to the strong collective response of heavy nuclei to the short electromagnetic pulse delivered in heavy ion collisions at relativistic energies [5, 6] .
II. COULOMB EXCITATION FROM LOW TO HIGH ENERGIES
In the semiclassical theory of Coulomb excitation the nuclei are assumed to follow classical trajectories and the excitation probabilities are calculated in time-dependent perturbation theory. At low energies one uses Rutherford trajectories [1] while at relativistic energies one uses straight-lines for the relative motion [9, 10] . In intermediate energy collisions, where one wants to account for recoil and retardation simultaneously, one should solve the general classical problem of the motion of two relativistic charged particles. A detailed study of these effects has been done in Refs. [13, 14] . In Ref. [14] it was shown that the Rutherford trajectory is modified as the retardation due to the relativistic effects starts to set in. This already occurs for energies as low as 10 MeV/nucleon. It was also shown that if we use the scattering plane perpendicular to the z-axis, we may write the new Coulomb trajectory parameterized by
where ǫ = 1/ sin(Θ/2), with Θ being the deflection angle. The impact parameter is related to the deflection angle by b = a cot (Θ/2). The only difference from Eq. (4) and the usual parameterization of the Rutherford trajectory at non-relativistic energies is the replacement of the half-distance of closest approach in a head-on collision
This simple modification agrees very well with numerical calculations based on the Darwin
Lagrangian and the next order correction to the relativistic interaction of two charges [14] .
Retardation also affects the dynamics of the Coulomb excitation mechanism and needs to be included in collisions with energies around 100 MeV/nucleon and higher. A detailed account of this has been given in Ref. [13] . The end result is that the amplitude for Coulomb excitation of a target from the initial state | i to the final state | f by a projectile with charge Z P moving along a modified Rutherford trajectory is given by
where M f i (πλ, µ) are the matrix elements for electromagnetic transitions, defined as
where L = −ir × ∇ and
with ω defined as the excitation frequency ω = E f − E i and κ = ω/c. Using the WignerEckart theorem
the geometric coefficients can be factorized in Eq. (5).
The orbital integrals S(πλ, µ) are given by (after performing a translation of the integrand
and
In the above equations, all the first-order Hankel functions h λ are functions of
The square modulus of Eq. (5) gives the probability of exciting the target from the initial state | I i M i to the final state | I f M f in a collision with the center of mass scattering angle ϑ. If the orientation of the initial state is not specified, the cross section for exciting the nuclear state of spin I f is
where a 2 ǫ 4 dΩ/4 is the elastic (Rutherford) cross section. Using the Wigner-Eckart theorem, Eq. (8), and the orthogonality properties of the Clebsch-Gordan coefficients, gives
where π = E or M stands for the electric or magnetic multipolarity, and
is the reduced transition probability.
III. RELATIVISTIC AND NON-RELATIVISTIC LIMITS
The non-relativistic limit is readily obtained by using v/c → 0 in the expressions in section II. In this case, z → 0 in Eq. (13), and
which yields
These are indeed the orbital integrals for non-relativistic Coulomb excitation, as defined in Eq. (II-E.49) of Ref. [15] .
In the relativistic limit, v/c → 1, ζ → 0 in Eq. (14) and ǫ ≃ b/a → ∞. However, the combination
can remain finite.
The results for the orbital integrals can be expressed in closed analytical forms. First we translate back the integrands in Eqs. (11) and (12) by −i (π/2) to get
where now z = v c ξ cosh w, and we took the limit ζ → 0 and ǫ → ∞. For the lowest multipolarities these integrals can be obtained in terms of modified Bessel functions by assuming the long-wavelength approximation, ξ (R) ≪ 1, valid for almost all cases of practical interest. In this case, we can also use the approximation of Eqs. (18) . From Eq. (4), in the relativistic limit, sinh w = vt/b and r = b cosh w. Thus, the integrals can be rewritten as
These integrals can be calculated analytically [16] to give
where
In this equation P (α,β) n are the Jacobi polynomials, and K n (x) are modified Bessel functions.
Since λ + µ =even (odd) for electric (magnetic) excitations, we only need to calculate the integrals for µ = ±1 for the E1 multipolarity, µ = 0, ±2 for the E2 multipolarity, and µ = 0 for the M1 multipolarity, respectively.
To leading order in ξ,
When inserted in Eqs. (9) and (16) the above results yield the correct relativistic Coulomb excitation cross sections [9] in the long wavelength approximation. Thus, we have shown explicitly that the Equations (4)- (16) reproduce the non-relativistic and relativistic Coulomb excitation expressions, as proved numerically in Ref. [13] . We can now analyze the intermediate energy region (E Lab ∼ 100 MeV/nucleon), where most experiments with radioactive beams are being performed.
IV. GAMMA-RAY ANGULAR DISTRIBUTIONS
As for the non-relativistic case [15, 17] , the angular distributions of gamma rays following the excitation depend on the frame of reference considered. It is often more convenient to express the angular distribution of the gamma rays in a coordinate system with the z- (11) and (12), respectively. The angular distribution of the gamma rays emitted into solid angle Ω γ , as a function of the scattering angle of the projectile (Θ, Φ), is given by
In our notation, the z-axis corresponds to the beam axis, and the a λ kκ (Θ, Φ, ζ) are given by
where, for electric excitations [15] ,
In Eq. (29) the coefficients A (λ)
k are given by
where |∆ l | 2 is the intensity (in sec −1 ) of the 2 l -pole radiation in the γ-transition from the excited state g to the state f . Explicitly, the l-pole conversion coefficient ∆ l is given by
with s(l) = l for electric (π = E) and s(l) = l + 1 for magnetic (π = M) transitions. The product ∆ l ∆ l ′ is always real since (−1) s(l) = (the parity). The coefficients F k (l, l ′ , I g , I f ) are geometrical factors defined by
The normalization of the coefficients a The total angular distribution of the gamma rays, which integrates over all scattering angles of the projectile, is given by
where the z-axis corresponds to the beam axis and the statistical tensors are given by
where (for electric excitations) [15] ,
ǫ 0 is the minimum value of the eccentricity, associated with the maximum scattering angle For M1 excitations
The 
We thus come to the important conclusion that in high energy collisions and low excitation energies, E x ∼ 1 MeV, the angular distribution of gamma-rays from decays after Coulomb excitation does not depend on the parameters ζ or ξ.
Although the cross sections for M1 and E2 excitations do not contain interference terms, the γ-decay of the excited state can contain an interference term with mixed E2 + M1
multipolaritites. The angular distribution of the gamma rays from the deexcitation of these states is given by [15] 
where σ M 1 (σ E2 ) is the total magnetic dipole (electric quadrupole) excitation cross section and where the sign of the square root is the same as the sign of the reduced matrix ele- 
where b λ k is given by Eq. (38) and
Using the relations in Eq. (28) and performing the summation above it is straightforward to show that for ξ(R) ≪ 1
Thus, in high-energy collisions, there is no interference term from mixed E2-M1 excitations in the angular distribution of emitted gamma rays.
The form of the expressions for the angular distribution used here has followed that of Chapter 11 of Ref. [15] . Experimenters usually find it more convenient to write the angular distribution in a slightly different form which separates the statistical tensors that describe the orientation of the state due to the excitation process from the geometrical factors associated with the γ-ray decay and gives the geometrical factors the same form as occurs in the formulation of γ-γ correlations (cf. Ref. [15] page 311; see also Refs. [18, 19] ).
The general expression for the γ-ray decay into solid angle Ω γ after projectile scattering to the angle (Θ, Φ), where the transition takes place between the Coulomb-excited state f and a lower state g (see Eq. (29)) becomes:
where the A k (δ γ ll ′ I g I f ) coefficients are related to the so-called F -coefficient (Eq. (34)) for the γ-ray transition between the states I f and I g with mixed multipolarities l and l ′ and mixing ratio δ γ [15, 20] by the expression
Note that for k = 0 we have A 0 = F 0 = 1, and due to the normalization used, the matrix elements, Eq. (33), are not needed. In most situations one is interested in the possible mixing of E2 and M1 multipolarities in the decay of f −→ g. Thus, one only needs the E2/M1 mixing ratio. The quantity Q k (E γ ) is the solid-angle attenuation coefficient which takes account of the finite solid-angle opening of the γ-ray detector [21] . It follows that
In the case where the particle scatters into an annular counter about the beam direction (i.e. the z-axis), or for angular distributions where the scattered particle is not detected at all (Eq. (36)), only κ = 0 terms survive. Usually the coefficients are normalized so that
The alignment of the initial state is now specified by the statistical tensor B λ k which is related to the statistical tensors introduced above by
when the particle is detected in an annular counter, and
when the particle is not detected at all (or detected in such a way as to include all kinematically allowed scattering angles).
V. NUMERICAL RESULTS
In Table I we show the numerical results for the orbital integral I(E2, µ) for a deflection angle of 10 0 and for µ = 2, 0, −2. The calculations have been done using the code COULINT [22] . The results for γ = 1 agree within 1/1000 with the numerical values obtained in Ref. [23] , also reprinted in Table II .12 of Ref. [15] . One observes that the results of the integrals for γ = 1.1, corresponding to a laboratory energy of about 100 MeV/nucleon, differ substantially from the results for γ = 1 (non-relativistic), specially for large values of ζ. For a fixed scattering angle ζ increases with the excitation energy. Thus, one expects that the relativistic corrections are greater as the excitation energy increases.
For γ = 1 the imaginary part of the orbital integrals vanishes. But as ζ and γ increase the imaginary part becomes important. This is shown in Fig. 1 where the ratio of the imaginary to real parts of the orbital integral I(E2, 2) is shown for ζ = 0.1 (dashed curve) and ζ = 1 (solid curve) as a function of γ.
Except for the very low energies such that a 0 attains a large value, and for the very large excitation energies ω, the parameter ζ is much smaller than unity. Also, at intermediate energies the scattering angle is limited to very forward scattering. It is useful to compare the orbital integrals with their limiting expressions given by Eq. (28), i.e. the relativistic limit to leading order in ξ. This is shown in Fig. 3(a) We now apply the formalism to specific cases. We study the effects of relativistic corrections in the collision of the radioactive nuclei 38,40,42 S and 44,46 Ar on gold targets. These reactions have been studied at E lab ∼ 40 MeV/nucleon at the MSU facility [24] . In the following calculations the conditions may be such that there will be contributions from nuclear excitation, but these will be neglected as we only are interested in the relativistic effects in Coulomb excitation at intermediate energy collisions. In Table II we show the Coulomb excitation cross sections of the first excited state in each nucleus as a function of the bombarding energy per nucleon. The cross sections are given in milibarns. The numbers inside parenthesis and brackets were obtained with pure non-relativistic and relativistic calculations respectively. The minimum impact parameter is chosen so that the distance of closest approach corresponds to the sum of the nuclear radii in a collision following a Rutherford trajectory. One observes that at 10 MeV/nucleon the relativistic corrections are important only at the level of 1%. At 500 MeV/nucleon, the correct treatment of the recoil corrections (included in the equations (11) and (12)) is relevant on the level of 1%. Thus the nonrelativistic treatment of Coulomb excitation [17] can be safely used for energies below about 10 MeV/nucleon and the relativistic treatment with a straight-line trajectory [9] is adequate above about 500 MeV/nucleon. However at energies around 50 to 100 MeV/nucleon, accel- of the classical orbital integrals I(E2, µ) for a deflection angle of 10 • and for µ = 2, 0, −2. These entries are given in the form of a number followed by the power of ten which it should be multiplied.
The value outside (inside) the brackets are for γ = 1 (γ = 1.1).
erator energies common to most radioactive beam facilities (MSU, RIKEN, GSI, GANIL), it is very important to use a correct treatment of recoil and relativistic effects, both kinematically and dynamically. At these energies, the corrections can add up to 50%. These effects were also shown in Ref. [13] for the case of excitation of giant resonances in collisions at intermediate energies.
As shown here, they are also relevant for the low-lying excited states.
As another example, we calculate the Coulomb excitation cross sections of 11 Be projectiles on lead targets. 11 Be is a one neutron halo-nucleus with one excited bound state ( [26, 27, 28] to be less than 7%. We thus neglect these effects here.
In Ref. 
The advantage of this approximation is that one can use the analytical formulas for relativistic Coulomb excitation (e.g., Eqs. [26] [27] and easily include the recoil correction Eq. (50).
We define the percent deviation 6% for the case shown in Fig. 2 . However, the deviation of the RR treatment tends to increase for cases where higher nuclear excitation energies are involved [13] . Finally, we show in Table III integrals. These ratios tend to wash out the corrections in the orbital integrals due to relativistic effects. On the other hand, for scattering to a specific angle the corrections can be larger because the α kκ in Eq. (44) are determined largely by geometry and hence they can be sensitive to both relativistic distortions of the orbit and recoil effects causing non straight-line trajectories.
VI. CONCLUSIONS
We have extended the study of Ref. [13] to include retardation effects in the Coulomb excitation of low-lying states in collisions of rare isotopes at intermediate energies (E lab ∼ 100
MeV/nucleon). In particular, we have studied the effects of retardation and recoil in the orbital integrals entering the calculation of Coulomb excitation amplitudes. We have shown that the non-relativistic and relativistic theories of Coulomb excitation are reproduced in and brackets were obtained with pure non-relativistic and straight-line relativistic calculations, respectively. The numbers at the center are obtained with the full integration of equations (11) and (12 Another important consequence of our study is that retardation effects must also be included in calculations of higher-order effects (e.g., coupled-channels calculations), common in the Coulomb breakup of halo nuclei [4] . Work in this direction is in progress. as a function of the excitation energy of the lowest state in 38 S projectiles incident on gold targets. The energy of the state is varied artificially.
